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^ . The phase equivalence of the theoretical mixing matrix V*^ derived from 

C^ \ the breaking of the flavour permutational symmetry and the standard 

parametrization V advocated by the Particle Data Group is explicitly 

P^ ' exhibited. From here, we derive exact explicit expressions for the three mix- 

ing angles ^12, ^13, 6*23, and the CP violating phase (5i3 in terms of the quark 
mass ratios {'mu/'mt,mc/mt,'mfi/mi„'ms/mh) and the parameters Z*^'"^ and 
Q> I $* characterizing the preferred symmetry breaking pattern. The computed 

^^ I values for the CP violating phase and the mixing angles are: 61^ = 75°, 

^ • sm9l2 = 0.221, sin 0^3 = 0.0034, and sin 6*23 = 0.040, which coincide almost 

^^ ■ exactly with the central values of the experimentally determined quantities. 
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I. INTRODUCTION 

In this paper we are concerned with the functional relations between flavor mixing angles 
6'i2, 6'i3, 6*23, the CP violating phase ^13 and the quark masses resulting from the breaking 
of the flavor permutational symmetry. 

In a previous paper [Q] different Hermitian mass matrices Mg of the same modified Fritzsch 
type were derived from the breaking of the flavor permutational symmetry according to 
the symmetry breaking scheme Sl{3) ® S'/j(3) D Sl{2) ® Sfi{2) D Sdiagi'^)- In a symmetry 
adapted basis, different patterns for the breaking of the permutational symmetry give rise to 
different mass matrices which differ in the ratio Z^^'^ = M23/M22, and are labeled in terms 
of the irreducible representations of an auxiliary S'(2) group. Then, diagonalizing the mass 
matrices, we obtain exact, explicit expressions for the elements of the mixing matrix V*"^, the 
Jarlskog invariant J and the three inner angles a, (3 and 7 of the unitarity triangle in terms 
of the quark mass ratios, the symmetry breaking parameter Z^/^ and one CP violating phase 
$. The numerical values of Z^^"^ and $ which characterize the preferred symmetry breaking 
pattern were extracted from a x^ fit of the theoretical expressions \V*^\ to the experimentally 
determined values of the moduli of the elements of the mixing matrix |V*^^p|. In this way, 
we obtained an explicit parametrization of the quark mixing matrix in terms of four quark 
mass ratios mu/mt, mc/rrit, md/mb, iris/mb, and the parameters Z^^"^ and $ in excellent 
agreement with the experimental information about quark mixings and CP violation in the 
K° — K° system and the most recent data on oscillations in the B° — B° system. These same 
experimental data are usually represented by means of the standard parametrization of the 
mixing matrix |Q, V^^*^, recommended by the Particle Data Group |P], which is written 
in terms of three mixing angles 6'i2 , 6*13 , ^23 and one CP violating phase 81^. The standard 
parametrization V^"^*^, was introduced without taking the functional relations between the 
quark masses and the flavour mixing parameters into account. In contrast, these functional 
relations are exactly and explicitly exhibited in the theoretical expressions for V**^ derived 
in our previous work |]I]]. When the best set of parameters of each parametrization is used, 
the moduli of corresponding entries of the two parametrizations are numerically equal and 
give an equally good representation of the experimentally determined values of the moduli 
of the mixing matrix |Vj^^^|. Hence, we are justified in writing 

even though V*'* has only two free, real linearly independent parameters while the number 
of adjustable parameters in V"^^"^ is four. 

The invariant measurables of the quark mixing matrix are the moduli of its elements, 
i.e., the quantities \Vij\, and the Jarlskog invariant J . But even J, up to a sign, is a function 
of the moduli [Q. Hence, two different parametrizations, such as Vl-^ and V^^^*^, are equiv- 
alent if the moduli of corresponding entries are equal even if the arguments of corresponding 
entries are different. This difference is of no physical consequence, it reflects the freedom in 
choosing the unobservable phases of the quark fields. 

Tth 



In this paper, it is shown that a suitable rephasing of the quark fields changes V into a 



new, phase transformed V*'' such that all the matrix elements V^*'* are numerically equal to 



the corresponding V^j^^, both in modulus and phase. Once this equahty is estabhshed, we 
solve the equations of transformation for sin ^12, sin ^23 and sin ^13 in terms of the moduli 
\VlM. We also derive exact explicit expressions for the phases of the matrix elements V^f^*^ 
in terms of the phases of the matrix elements of V/l^. In this way, we derive exact explicit 
analytical expressions for the mixing parameters sin6'i2, sin6'23, sin ^13 and the CP violating 
phase (5i3 of the standard parametrization of the mixing matrix [Q] in terms of the quark 
mass ratios niu/mt, rric/mt, md/rrih, nis/mb, the flavour symmetry breaking parameter Z*^/^ 
and the CP violating phase $*. 

The plan of this paper is as follows: In Sec. y, we introduce some basic concepts and 
fix the notation by way of a very brief sketch of the group theoretical derivation of mass 
matrices with a modified Fritzsch texture. Sect. |T| is devoted to the derivation of exact, 
explicit expressions for the elements of the mixing matrix VlJ^ in terms of the quark mass 
ratios and the parameters Z^^'^ and $ characterizing the symmetry breaking pattern. In 
Sec. ^V\, the phase equivalence of V*'^ and V^^"-^ is explicitly exhibited, and a set of equations 
expressing the non-vanishing arguments wf^^'-^ of Vj^^'-^ in terms of the arguments wj^ of 
V^J^ is derived. Explicit expressions for the mixing parameters sin6'i2, sin6'23, sin ^13 and the 
CP violating phase Si^ as functions of the quark mass ratios and the parameters Z*^^'^ and 
•!>* characterizing the preferred symmetry breaking scheme are obtained in Sec. |V| and [V^. 
Our paper ends in Sec. |VII| with a summary of results and some conclusions. 

II. MASS MATRICES FROM THE BREAKING OF 5l(3) 5r(3) 

In the Standard Model, analogous fermions in different generations, say u, c and t or 
d, s and b, have completely identical couplings to all gauge bosons of the strong, weak and 
electromagnetic interactions. Prior to the introduction of the Higgs boson and mass terms, 
the Lagrangian is chiral and invariant with respect to any permutation of the left and right 
quark fields. The introduction of a Higgs boson and the Yukawa couplings give mass to the 
quarks and leptons when the gauge symmetry is spontaneously broken. The quark mass 
term in the Lagrangian, obtained by taking the vacuum expectation value of the Higgs field 
in the quark Higgs coupling, gives rise to quark mass matrices Md and Mu, 

^Y = ^d,LMdCid,R + q«,LM„q„_/j + h.c. (2.1) 

In this expression, qd,L,R{x) and (Iu,l,r{x) denote the left and right quark d- and M-fields 
in the current or weak basis, q,g{x) is a column matrix, its components qg^fc(x) are the quark 
Dirac fields, k is the flavour index. In this basis, the charged hadronic currents, 

Jfi ~ qu,Llfiqd,L, (2.2) 

are not changed if both, the d-type and the u-type fields are transformed with the same 
unitary matrix. 



A. Modified Pritzsch texture 



A number of authors |1|, [ 1^- ||23|] have pointed out that reahstic quark mass matrices 
result from the flavour permutational symmetry Sl{3)®Sfi{3) and its spontaneous or explicit 
breaking. The group S{3) treats three objects symmetrically, while the hierarchical nature 
of the mass matrices is a consequence of the representation structure 1 © 2 of 5(3), which 
treats the generations differently. Under exact Sl{3) ® Sji{3) symmetry, the mass spectrum 
for either up or down quark sectors consists of one massive particle in a singlet irreducible 
representation and a pair of massless particles in a doublet irreducible representation, the 
corresponding quark mass matrix with the exact 5*^(3) 5'/? (3) symmetry will be denoted 
by Msg. In order to generate masses for the flrst and second families, we add the terms 
M2g and Mi^ to Ma^. The term M2g breaks the permutational symmetry Sl{3) ® Sfi{3) 
down to 5*^(2) ® Sr(2) and mixes the singlet and doublet representation of 5'(3). Mig 
transforms as the mixed symmetry term in the doublet complex tensorial representation of 
Sdiag{3) C 5*^(3) (8) Sji{3). Putting the flrst family in a complex representation will allow us 
to have a CP violating phase in the mixing matrix. Then, in a symmetry adapted basis , 
Nlq takes the form 
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From the strong hierarchy in the masses of the quark families, msg >> m2q > miq, we 
expect 1 — 6q to be very close to unity. The entries in the mass matrix may be readily 
expressed in terms of the mass eigenvalues [rriiq, —m2q, m^q) and the small parameter 6q. 



Computing the invariants of Mq, trMq, trMq and detMq, we get 
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miqm2q( 



5n 



A, 



m2q - miq, 



(2.4) 



B- = 6q{{l - miq + m2q - 6q) - miqm2q{l - 6q) ), 

where rhiq = miq/m^q and m2q = m2q/m3q. 

If each possible symmetry breaking pattern is now characterized by the ratio 

Zq'/' = Bq/{-Aq + 6q), 

the small parameter Sq is obtained as the solution of the cubic equation 

6q [(1 + m2q - rfliq - (5g)(l - 5q) - rfliqrfl2q] - Z q{-fa2q + TTllg + dqf = 0, 



(2.5) 



(2.6) 



(2.7) 



which vanishes when Zq vanishes. An exact explicit expression for 6q as function of the 
quark mass ratios and Zq is given in [|I|. An approximate solution to Eq. ( p. 7] ) for 6q{Zq), 
valid for small values of Zq {Zq < 10), is 

Zq {fh2q - fhiqf 



Sq{Zq 



[I - miq) (1 + m2q) + 2Zq {m2q - fhlq) (1 + 2("^2q " ^Ig)) 



(2.8) 



B. Symmetry breaking pattern 

In the symmetry adapted basis, the matrix M2q, written in term of Zy^, takes the form 

/O \ 

Mag = mgg {-m2g + rhig + 6^)0 1 Z^^ , (2.9) 
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when Zg/^ vanishes, Mag is diagonal and there is no mixing of singlet and doublet rep- 
resentations of S{3). Therefore, in the sjTumetry adapted basis, the parameter Z^^ is 
a measure of the amount of mixing of singlet and doublet irreducible representations of 
5rf.a,(3)c 5^(3)0 5^(3). 

We may easily give a meaning to Z^^ in terms of permutations. From Eqs. ( |2.1| ) and 
( p.9| ), we notice that the symmetry breaking term in the Yukawa Lagrangian, q^^Ma^qR is a 
functional of only two fields: ^ [q2{X) + V2q3{X)^ and ^ (^-V2q2{X) + g3(X)). Under 
the permutation of these fields, q^Magq/j splits into the sum of an antisymmetric term 
q^^M^ q/j which changes sign, and a symmetric term q^^Mf q^j, which remains invariant, 



Mag = -^ms,\ a I 1 -v^ | + 26 | 1 ^ | ^, (2.10) 
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where a = {6g - Ag){V2Zy'^ - i) and b = {6q - Aq){^Zy'^ + 2). It is evident that there is 
a corresponding decomposition of the mixing parameter Z^^, 

Zq'/^ = NAgZ'f + NsqZy^ (2.11) 

with 

l = NAq + Nsq. (2.12) 

where Zjl = —y/S is the mixing parameter of the matrix M^^, and Zg = 4= is the mixing 

parameter of Mf . In this way, a unique linear combination of Zj and Zg is associated to 
the simmetry breaking pattern characterized by Z^"^. Thus, the different symmetry breaking 
patterns defined by Mag for different values of the mixing parameter Z^^ are labeled in 
terms of the irreducible representations of the group S{2) of permutations of the two fields 
in q^Magq/j. The pair of numbers {Na, Ns) enters as a convenient mathematical label of the 
symmetry breaking pattern without introducing any assumption about the actual pattern 
of Sl{S) ® Sr{S) symmetry breaking realized in nature. 

C. The Jarlskog invariant 

The Jarlskog invariant, J, may be computed directly from the commutator of the mass 
matrices 01 



J det{-i[M^Md]} ^2.13) 

F 

where 

F = (1 + mc)(l - rhu){rhc + m„)(l + m^)(l - md){jhs + rrid). (2.14) 

.1/2 



Substitution of the expression (U) for M„ and M^, in Eq. ( gJ3|) , with Zy^ = Z^^ = Z^/^ 
gives 



(7 



(1 + mc)(l - m„)(l + m„/mc)(l + mj(l - mrf)(l + rhd/rhs) 
X ^ [(-A„ + (5„)(1 - (5,) - (-A, + 6,){1 - 6^)]' - (^^) (-A, + 6, 



/ mdms \^ 
U-(5J' 



2 , ^ /m^mc /m^m^ 



-A. + 6^y + 2J^^ J^^(-A. + (5„)(-A, + 6d)cos<^ \. (2.15) 



where A^ and Sg are defined in Eqs. ( |2.4|) and ( |2.71 ). In this, way, an exact closed expression 
for J in terms of the quark mass ratios, the CP violating phase $, and the parameter Z 
that characterizes the symmetry breaking pattern is derived. 

III. THE MIXING MATRIX 

The Hermitian mass matrix M^ may be written in terms of a real symmetric matrix Mg 
and a diagonal matrix of phases P^ as follows 

M, = P,M,P,t, (3.1) 

The real symmetric matrix M^ may be brought to a diagonal form by means of an orthogonal 
transformation 

M, = OgMg^diagO^, (3.2) 

where 

Mg^diag = fn^g diag [ rhig, - msg, 1] , (3.3) 

with subscripts 1, 2, 3 refering to u, c, t in the u-type sector and d, s, b in the d-type sector. 
After diagonalization of the mass matrices Mg, one obtains the mixing matrix V*'^ as 

V*'^ = 0/P"-'^Od, (3.4) 

where P"~'^ is the diagonal matrix of relative phases 

P''-'^ = diag[l,e"^,e'% (3.5) 

and 



$ = (0«-0d). (3.6) 

The orthogonal matrix Ogis given by 

O, = ((1 - 5,)m,J\/ D,fl^ ((1 - 5,)m,,h/D,)^l^ ((1 - 5,)h/D,fl^ , (3.7) 

where 

f 1 = 1 - rhiq -6g, f2 = 1 + m2q - Sg, fs = 6g, (3.8) 

Di = {1- 6g) (1 - rhig) {m2g + rhig) , (3.9) 

^2 = (1 - Sg) (1 + m2g) {m2g + rhig) , (3.10) 

Ds = (l - 5g) (l + m2g) (l - mig) . (3.11) 

In these expressions, 6u and 6d are, in principle, functions of the quark mass ratios and 
the parameters Zy^ and Z/ respectively. However, in [||] we found that keeping Z^^ and 

1/2 

Z^ as free, independent parameters gives rise to a continuous ambiguity in the fitting of 
\V^M to the experimental data. To avoid this ambiguity we further assumed that the up and 
down mass matrices are generated following the same symmetry breaking pattern, that is, 

zy2 = zy^ = z'/\ (3.12) 



Then, from Eqs. ( |3.4| ) - ( p. 121 ) all matrix elements in V may be written in terms of four 



quark mass ratios and only two free, real parameters: the parameter Z^' ^ which characterizes 
the symmetry breaking pattern in the u- and d-sectors and the CP violating phase $. The 
computation of V^J^ is quite straightforward. Here, we will give, in explicit form, only those 
elements of V*^ which will be of use later. From Eqs. (|3.4| )- (|3.12| ) we obtain. 



\ 1/2 
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(3.14) 





and 
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(1 - mu){rnc + m„)(l + m^)(l - m^) 

m„ (1 + me - ^^) mrf (1 + m^ - ^rf) 

1 - 5u) (1 + rhc) ifhc + m„) (1 - 5d) (1 + rhs) {fhs + md) 

fhc5u {l-rfiu- 5u) rfisdd (1 - m^ - 5d) 

(1 - 5u) (1 + fhc) (rhc + "fhu) (1 - (5d) (1 + •fhs) [rhs + fhd) 

1 /9 

rfte (1 + rrtc - (5^) m^ (1 + m, - ^rf) \ j -^ 
l + me)(l-m„)(l+m,)(l-mrf)y J^ 

/ m„(l + me-(5^) rhdThsSd 
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_ ( mc{l-mu-Su)Su{l-rhd-Sd){l + rhs-Sd) 
\{1- Su){l + rhc){mc + m„)(l - 6d){l + mj(l - rhd) 
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A. The "best" symmetry breaking pattern 

In order to find the actual pattern of Sl{3) ® 3^(3) symmetry breaking realized in 
nature,we made a x^ fit of the exact expressions for the moduli of the entries in the mixing 
matrix, \V^^M, the Jarlskog invariant, J^^, and the three inner angles of the unitarity triangle, 
^th^ pth ^^^ ^th^ -j-Q |-]^g experimentally determined values of l^^^^l, J*^^^, a^^^, (3'^^^ and 7*^^^. 
A detailed account of the fitting procedure is given in |I[]. Here, we will give only a brief 
relation of the main points in the fitting procedure. 
For the purpose of calculating quark mass ratios and computing the mixing matrix, it is 



+ f #^^i±4^^-%, J^ —\ ''' \e^\ (3.16) 



convenient to give all quark masses as running masses at some common energy scale p4 



. In the present calculation, following Peccei [03], Fritzsch [PB| and the Ba-Bar book P? 



we used the values of the running quark masses evaluated at jj = rrit. 



m„ = 3.25 ± 0.9 MeV m^ = 760 ± 29.5 MeV rrit = 171.0 ± 12 GeV 

md = AA±OM MeV m, = 100 ± 6 Mel/ m^ = 2.92 ± 0.11 Gel/ (3.17) 

These values, with the exception of rUg, rric and mi,, were taken from the work of Fusaoka and 
Koide 1^ see also Fritzsch [^ and Leutwyler [^. The values of mc(mt) and mb(mj) were 
obtained by rescaling to fi = mt the recent calculations of mc{mc) and mb{mb) by Pineda 
and Yndurain [^ and Yndurain |^ . The value of rus agrees with the latest determination 



made by the ALEPH collaboration from a study of r decays involving kaons |^ 



We kept the mass ratios rUc = rric/mt , rUg = rris/mi, and rud = rrid/mi, fixed at their central 
values 



mc = 0.0044, rhs = 0.034 and rhd = 0.0015, (3.18) 
but we took the value 

fhu = 0.000032, (3.19) 

which is close to its upper bound. We found the following best values for <l> and Z^/^, 

$* = 90°, Z*i/2 = i r^V2 _ ^1/21 _ /^_ (3 20) 

' 2 L ^ ^ J V 32 ^ ^ 

corresponding to a value of x^ ^ 0.32. The values of the parameters 6u{Z) and 6d{Z) 
obtained from (|3l8|) , (|3A9| ) and (lOoD are 



6u{Z*^^^) = 0.000048, 6d{Z*^^^) = 0.00228. (3.21) 

Before proceeding to give the numerical results for the mixing matrix V*'^, it will be conve- 
nient to stress the following points: 

1. The masses of the lighter quarks are the less well determined, while the moduli of 
the entries in \V^j^^\ with the largest error bars, namely \Vub\ and \Vtd\, are the most 
sensitive to changes in the ratios mu/rric and irtd/ms respectively. Hence, the quality 
of the fit of \Vl^\ to \Vi^^\ is good (x^ < 0.5) even if relatively large changes in the 
masses of the lighter quarks are made. The sensitivity of \Vub\ and \Vtd\ to changes 
in mu/mc and nid/ms respectively, is reflected in the shape of the unitarity triangle 
which changes appreciably when the masses of the ligther quarks change within their 
uncertainty ranges. The best simultaneous x^ fit of |V^j'*|, J*^-, and ct*'^, (3^^ and 7*'', to 
the experimentally determined quantities was obtained when the ratio fhu = rriu/mt is 
taken close to its upper bound, as given in ( p.l9| ). Furthermore, the chosen high value 
of fhu gives for the ratio |V^uf,/Kfe| the value 



''*' - '^"^ 0.085 ±0.009 (3.22) 



\Vcb\ V rric 
in very good agreement with its latest world average 



32 . 33 . M 



2. As the energy scale changes, say from fi = rrit to fi = 1 GeV, the running quark masses 
change appreciably, but since the masses of light and heavy quarks increase almost in 
the same proportion, the resulting dependence of the quark mass ratios on the energy 
scale is very weak. When the energy scale changes from /x = mj to // = 1 GeV, rhu 
and fhd decrease by about 25% and rhc and rhs also decrease but by less than 16%. 

3. In view of the previous considerations, a reasonable range of values for the running 
quark mass ratios, evaluated at /i = m^ = 171 GeV, would be as follows 

0.000022 < mu< 0.000037 
0.0043 < mc< 0.0046 
0.0013 < md< 0.0017 
0.032 < m,< 0.036 (3.23) 



The results of the x^ fit of the theoretical expressions for | V^*'^|, J*'^, a*'*, Z?*'^ and 7*^* to 
the experimentally determined quantities is as follows: 

The quark mixing matrix computed from the theoretical expresion V*'^ with the numerical 
values of quark mass ratios given in (|3 .181) and (|3.19|) and the corresponding best values of 
the symmetry breaking parameter, Z*^/^ = w81/32, and the CP-violating phase, $* = 90°, 
is 



yth 



/ 0.9753 e'^° 0.221 e'^^^° 0.0034 e'^^° 

0.220 e*"2° 0.9745 e^^^" 0.040 e'^°° \ (3.24) 

V 0.0085 e*2™° 0.039 e^270° 0.9992 6^^°° 



In order to have an estimation of the sensivity of our numerical results to the uncertainty 
in the values of the quark mass ratios, we computed the range of values of the matrix of 
moduli \VlM, corresponding to the range of values of the mass ratios given in (|3.23|) , but 



keeping $ and Z^/^ g^ed at the values $* = 90° and Z*^/^ ^ ^^81/32. The result is 
/ 0.9735 - 0.9771 0.2151 - 0.2263 0.0028 - 0.0040 ~ 



IV 



thl 



0.2151-0.2263 0.9726-0.9764 0.037-0.043 |, (3.25) 

V 0.0078 - 0.0093 0.036 - 0.042 0.9991 - 0.9993 



which is to be compared with the experimentally determined values of the matrix of moduli 



'0.9745-0.9760 0.217-0.224 0.0018-0.0045^ 
I V^P| = I 0.217-0.224 0.9737-0.9753 0.036-0.042 |. (3.26) 

0.004-0.013 0.035-0.042 0.9991-0.9994 



As is apparent from ( ^.24| ), (3.25) and ( ^.26 ), the agreement between computed and 



experimental values of all entries in the mixing matrix is very good. The estimated range of 
variation in the computed values of the moduli of the four entries in the upper left corner 
of the matrix |V*^| is larger than the error band in the corresponding entries of the matrix 
of the experimentally determined values of the moduli jV^^^I. The estimated range of vari- 
ation in the computed values of the entries in the third column and the third row of IV^IM is 
comparable with the error band of the corresponding entries in the matrix of experimentally 
determined values of the moduli, with the exception of the elements \V^I^\ and \V^d\ i^ which 
case the estimated range of variation due to the uncertainty in the values of the quark mass 
ratios is significantly smaller than the error band in the experimentally determined value of 

IV^'PI and n/''''P| 

The value obtained for the Jarlskog invariant is 

J*'^ = 2.8 X 10^^ (3.27) 

in good agreement with the value | J^^^| = (3.0 ± 1.3) x 10^^ sin6 obtained from current data 
on CP violation in the K° — K° mixing system and the B° — B° mixing system [27 . 



For the inner angles of the unitarity triangle, we found the following central values: 

10 



a 



83° 



/3 = 22° 



7 



75°. 



(3.28) 



An estimation of the range of values of the three inner angles of the unitarity triangle, 
compatible with the experimental information on the absolute values of the matrix elements 
yexp^ is given by Mele Hf and Ali |33|. According to this authors, 79° < « < 102°, 
21° < /? < 28°, and 55° < 7 < 78°. We see that the central value of /? obtained in this work 
is close to the lower limit according to Mele [^, while 7 is close to the upper limit given by 
Mele [B^ and a is in the allowed range given by these authors. 



IV. PHASE EQUIVALENCE OF V^^ AND THE STANDARD 
PARAMETRIZATION V^^"^ 



The standard parametrization p| of the mixing matrix recomended by the Particle Data 
Group [^ is written in terms of three mixing angles ^12, ^23, ^13 and one CP violating phase 

(^13, 



V 



PDG 



( C12C13 

~'5l2C23 — Ci2S23Si3e* 



V S12S23 - Ci2C23Si3e*^" _r,„«„„ - e,„^„„c,„^*'5i3 



S12C13 
C12C23 ~ ■Sl2'S23'Sl3e 
"C12S23 — Si2C23Si3e 



i(5i3 



where c,- 



cos 6ij and Sij 



sin 6ij . 



iSi3 



sise 
■S23C13 
C23C13 



(4.1) 



The range of values of the experimentally determined moduli in |^j |, as given by Caso 
et a/ , corresponds to 90% confidence limits on the range of values of the mixing angles 
of 



0.217 < S12 < 0.222, 



(4.2) 



0.036 < S23 < 0.042, 



(4.3) 



0.0018 < si3 < 0.0044. 



(4.4) 



Seven of the nine absolute values of the CKM entries have been measured directly, by 
tree level processes. A range of values for the four parameters, S12, S23, S13 and 613 which is 
consistent with the seven direct measurements and the experimentally determined values of 
the moduli of [Vl^^^^ 0, is given by Nir ^5 



0.2173 < S12 < 0.2219, 



(4.5) 



0.0378 < S23 < 0.0412, 



(4.6) 



0.00237 < si3 < 0.00395, 
Ci3 is known to deviate from unity only in the sixth decimal place [ [^, |]35 



(4.7) 
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The CP violating phase S13, at present, is not constrained by direct measurements. 
However, the measurements of CP violation in K decays ||3^ force ^13 to lie in the range 



< 5i3 < n. (4.8) 

The standard parametrization V^-^*^ was introduced without taking the possible func- 
tional relations between the quark masses and the flavour mixing parameters into account. 
In contrast, these functional relations are explicitly exhibited in the theoretical expressions, 
V^f^, derived in the previous sections. Furthermore, we have seen that, when the best values 
of the parameters Z^^"^ and $ are used, the mixing matrix V*'' reproduces the central values 
of all experimentally determined quantities, that is, the moduli |V^^^^'|, the Jarlskog invari- 
ant J'^^P- and the three inner angles, a, j3 and 7, of the unitarity triangle [|l|. Since the two 
parametrizations reproduce the same set of experimental data equally well, we are justified 
in writing 

We cannot simply equate V*^ and V'^^'-^ because the arguments of corresponding matrix 
elements in the two parametrizations are not equal 

ar^(V;f ) ^ arg{V;^^). (4.10) 

This difference is of no physical consequence, it reflects the freedom in choosing the unob- 
servable phases of the quark fields in the mass representation. In the following, we will take 
advantage of this freedom to derive a phase transformed, theoretical mixing matrix, V*'^, re- 
lated to V*'' by a biunitary phase transformation, such that all corresponding entries in V*'* 
and V^^'^ are equal in modulus and phase. We will also derive exact, explicit expressions 
for the phases of the matrix elements V^f ^*^ in terms of the phases of the matrix elements 
V^lj^, which, togheter with Eq. (^^) , will be enough to show that V^-^'^ may be obtained 
from V*'* by means of a suitable rephasing of the quark fields in the mass representation. 



A. Phase relations 

In the mass basis, the quark charged currents take the form 

Jc' = A^q^l'Vlhir (4.11) 



72^ 



A redefinition of the phases of the quark fields which leaves J^ invariant, will change the 
argument of V^^ but leave the moduli IK*'' I invariant. 



V^f -^ V^ = e-*^" Kfe^'^' . (4. 12) 

The phases xf s^^id xi ocurring in Eq. (|4.12|) will be determined from the requirement 
that corresponding entries in V*''' and V^^*^ be equal, 
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in this expression wj^ and wfj^^ are the arguments of V^J^ and Vj^^^ respectively. Since the 
moduh IV^M and |V"jj *^| are equal, the arguments of the entries in the two parametrizations 
are related by the set of nine equations 

xr-X? = <-«^™ (4.14) 



The set of Eqs. ( [4.14 ) relate the differences of the unobservable quark field phases to 



the differences of the arguments of corresponding entries in V*^ and V^^"-^. These two 
parametrizations of the mixing matrix are representations of the same set of experimental 
data. Therefore, it should be possible to derive, from Eqs. ( [4.14| ), a new set of equations, 
expressing the five non- vanishing arguments wf^^^ of V^^^^ in terms only of the arguments 
wf^ of V^!^ without making reference to the unobservable phases of the quark fields. With this 
purpose in mind, we notice that, in the left hand side of Eqs. ( [4.14| ), there are nine differences 
of unobservables phases [xi ~ X'j )) formed from only six different quark field phases. 
Differences of phases of the same quark field type, say [Xj ~Xj')i "^^Y be computed 



from Eqs. ( 4.14 ) in at least three different ways. This redundancy implies the existence of 
non-trivial relations among the arguments of the entries of the two parametrizations. For 
example, from Eqs. ( |4.14| ), the difference fx2 ^ Xs ) ^ (x2 ~ X2 ) gives 

X^^-xf =<3-< + <2^^, (4.15) 

and the difference [xi — X3 ) ~ (xi ~ X2 ) gives 

xf-X^^=w^l-w% + 5,,. (4.16) 

If the phase difference (x2 X3 ) is eliminated between Eqs. ( [4.15|) and (|4.16| ) we get 



(5i3 - ^^'^ = wf^ - w^^ - wll + w% (4.17) 



Using the same elimination procedure for all possible combinations [Xi ~ Xj 

[Xi ~ Xj' ) we derive a set of nine equations, only four of which are linearly independent. 
One of these is Eq. ( [4.17| ), for the other three we may take 



- w^r + ^'^^ = < - < - < + wt^^ (4.18) 

^F"" - ^^'^ = -< + < + < - <, (4.19) 



and 



"^22'' + «^32 "- = -^22 + ^23 + <2 ' <■ (4.20) 



Since, in V^'^*^ there are five entries with non-vanishing arguments, namely, w^^^ = 
—6i3,W2i^'^,W22^'^,w^^'^ and w§2^'^, we require still one more equation relating the argu- 
ments of the entries of the two parametrizations. This is obtained from the phase relations 
between the determinants of the two matrices, V*^ and V^-^*^. From Eqs. ([4.12|) and ( [4. 131) , 
it follows that 
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det V*'' = det 



xlv^^^x. 



(4.21) 



in this expression X^j and X^ are the diagonal unitary matrices of phases ocurring in Eq. 
( [4.12| ). The determinant of V-^^*^ is one, hence, 



det 



XlV^^^X. 



^El.(xl"^-xr' 



Similarly, from the definition of V*'', Eq. ( |3.4| ), we get 

det V*^ = det [O^P"-'^Orf] = det (O^Od) det P"-^ 



(4.22) 



(4.23) 



the determinant of the orthogonal matrices is one, and the determinant of the diagonal 
matrix of phases P"~'^ is e*^*. Taking for $ the best value $* = 7r/2, we obtain 



det V*'^ = e*2** 



(4.24) 



Substitution of Eq. (|]2|) and Eq. (|]24D in Eq. (|]2T]) gives 



E (xl"^ - xf) = 2^* 



vr. 



(4.25) 



i=l 



This phase relation guarantees the equality of the determinants of V*'' and V^-^*^. 

The sum of the unobservable quark field phases ocurring in the left hand side of Eq. ( [4.25| ) 

may be computed from Eqs. ( |4.14| ), 



Y.{xi^-^)=Y.^- 



w^^^. 



(4.26) 



j=i 



i=l 



Now, we eliminate the unobservable quark field phases between Eq. ( ^4.25| ) and Eq. ( [4. 261 ) 
to get, 



w. 



PDG 

22 



E^*'-2<^*- 



(4.27) 



i=l 



This, relation shows that arg(V2^^'-^) is uniquely determined {mod 2ti) in terms of the argu- 
ments of the entries in V*^. 



With the help of Eq. ( [4.27] ) we solve Eqs. ( [4.17| )-( p:.20| ) for all the other non- vanishing 
arguments of V^^*^ 



X „ .ih I „ ,th „ ,th I „ ,th I „ ,th o<T>* 

C>13 = ^11 + W^2 - ^13 + ^23 + ^33 " 2<l> 



(4.28) 



<"'' = < + < + ^33 - 2$* 



,PDG 



jII + wf, + wf. 



wi{'- =wf,+wT, + wl%-2^'' 



(4.29) 
(4.30) 
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«^3™ = <2 + < + < - 2$*- (4.31) 

In this way, we have shown that the arguments wf,^'^ of V^^'-^ are uniquely determined 
(mod 2tt) by the arguments wj^ of V^J^. 

We now return to the question of the quark field phases and the phase transformation 
from Vjf to V^^^. Substitution of Eqs. (^T27|) - (^l3TD into Eqs. ( ^1^ ), gives the differences 
of the quark field phases explicitly in terms of the known arguments w*^ of V^f^. The quark 
field phases themselves are determined only up to a common additive constant. Since the 
quark field phases are unobservable, without loss of generality, we may fix one of them, and 
solve for the others. In this way, if we set Xi = 0? we get 

xi = 0°, 
xi = wii - w% 

X2 =-^2-«^33 + 2$*, 

X3 = -<-< + 2$*. (4.32) 

Then, the diagonal matrices of phases required to compute the phase transformed V*^ are 

and 

Xrf = diag[l, e^(-ii-i2), e^(«'^^^^^g+2**)]_ (4,34) 

Hence, with the help of Eqs. (|4.28| )- (|4.31|) , we verify that 

X];.V*'^Xd = V^^^ (4.35) 

is satisfied as an identity, provided that |V^*'^| = l^jj'^'^l. 

V. THE MIXING ANGLES 

The invariant measurables of the quark mixing matrix are the moduli of its elements i.e., 
the quantities |V^j|, and the Jarlskog invariant J. But even J, up to a sign, is a function 
of the moduli [Q. Hence, two different parametrizations, are equivalent if the moduli of the 
corresponding entries are equal. In the case of V^^ and V^^^*^, when the best set of adjustable 
parameters of each parametrization, (2'^/^, $) and (6*12, 6^23, ^13, (5i3) respectively, is used to 
fit the experimental data, the moduli of corresponding entries of the two parametrizations are 
numerically equal and give an equally good representation of the experimentally determined 
values of the moduli of the mixing matrix \V^^^\ [Q. Therefore we are justified in writing 

K\ = \v.r% (5.1) 

even though V^J^ has only two adjustable parameters {Z^^'^, $) while the number of ad- 
justable parameters in V^^^'^ is four, namely, (^12, 6^23, 6'i3, 613). All entries in \V^J^\ are 
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explicit functions of the four quark mass ratios {rnu/Tnt,rnc/'rnt,rnd/'rn},,rns/'rnb) and the 
two parameters Z^/'^ and $. The equahty of the moduh of corresponding entries of the two 
parametrizations will allow us to derive explicit expressions for the mixing angles in terms 
of the four quark mass ratios {rnu/rnt^rnc/rnt^rriii/rnij^rns/'rnb) and the parameters Z^^"^ and 
$. 

From the equality of \Vl^\ and iVfa'^'^l, it follows that 



sin^ 



13 



IK 



th\ 
ub n 



(5.2) 



if we take \V^^\ from (|3.14|) , and we set $ and Z^/"^ equal to their best values $* = -n/2 and 

^1/2* _ ~ 



§, we get 



sin 6' 



13 



m^{l -TTiu- 6l)mdmsS*d 



+ 



(1 - 5*J{1 - mu)imc + mu)il - 53)(1 + m,)(l - m^) 

f rhujl - rhu - 5l)5*a \ ^^^ 

\{1 -m„)(mc + m„)(l +7fi^)(l - rhd) ) 

m^(l + m, - 5l)5l{l - m, - ^^)(1 + m, - 5*,) 
_(1 - 5*)(1 - fhu){m^ + m„)(l - 53) (1 + m,)(l - md)_ 



1/2 



(5.3) 



The computation of sin6'23 is slightly more involved. From Eq. ( [4.1|) and the equality of 



|V^*''| and iKf^'^l, we obtain 



sin^' 



23 



I "^ CO I 



1 



\^ub I 



1 



ru6 I 



(5.4) 



Substitution of the expressions ( p.l6|) and (|3.14|) with $* = 7r/2 and Z*^/^ 
and |\4*^| in Eq. ( |^ ) gives 



'81 for 11^*'' I 
32 ^"1 I '^cb I 



sin 6* 



23 



-z^lmuil+rric- 5l)mdms5l + 



V 1 + TfTlc 

^m^il - m„ - (5:)(5:(1 - md - 5l){l + m, - (5^) 
y(l-(5:)m„(l-m„-(5*)(l-(52)(52 



1 - 5:)m,(l + me -5:)(1- 52)^2 

.-|2~| 1/2 



- Y/m„(l + m, - 5l)5l{l -m^- bl){\ + m, - 5^) 

+ (1 - (5*)(1 - mu){fn^ + m„)(l - 5;^)(1 + mj(l - rhd) - rhc{l - m^ - 6*Jmdms6*^ | 



-1/2 



Similarly from Eq. ( f4.1|) and the equality of IV^/I"! and |V^i2'^*^|, we obtain 

WPDGl \Yth\ 

I '^ us I I ' us I 



sin 9 



12 



I T/t'i 1 2 



u6 



Then, substitution of the expressions (|3.13|) and ( p.l4|) for \V^^\ and |y^^| in ( WM gives 



(5.6) 



(5.5) 
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sin 6' 



12 






mc(l -rriu- 5*)md(l + m^ - 5^) 



+ 



1 - 6*Jm^{l - m„ - 5*)(1 - 6*^)ms{l + m, - 6*,) 

2) 1/2 



V'(l-(5:)m„(l-m„-5:)(l-52)5, 



m„(l + m, - 5*)(5:(1 - m, - (55)(1 + m, - ^2) 
+ (1 - 61){1 - mj(me + rh^){l - S*a){l + m,)(l - m^) 

1 -1/2 

- mc(l -rriu- dDrhdnisdl 



(5.7) 



The computed values for sin 6*12, sin 6^23 and sin 6*13 corresponding to the best x^ fit of |Vj*^|, 
J^^ and a*'', /?*'' and 7*^^ to the experimentally determined quantities \V^^^\, J^^^ and the 
three inner angles of the unitarity triangle a*^^^, (3"^^^ and 7^^^ are obtained when the nu- 
merical values of \V^^\, |l^*^| and \V^li'\ computed from Eqs.( ^.l3D , ( |3.14| ), ( p. 161 ) and given 
in Eq. ( |3.24| ) are substituted in to Eqs. (^]2|), (|5^ ) and (|5.6|) . In this way, we get 



sin^ 



12 



0.221, 



(5.8) 



sin 6', 



23 



0.040, 



(5.9) 



sin^*3 = 0.0034. 
The numerical value of cosOl^ deviates from unity in the sixth decimal place. 



(5.10) 



We notice that the numerical values of the mixing angles computed from quark masses 
and the best values of the symmetry breaking parameters coincide almost exactly with 
the central values of the experimentally determined quantities, as could be expected from 
Eq. ( p.l| ). This observation is interesting because, in the case of three families, the most 
general form of the mixing matrix has at most four free, independent parameters [^ which 
could be four independent moduli or three mixing angles and one phase as occurs in V^^"-^. 
The symmetry derived V*'^ has only two free, real independent parameters. In spite of that, 
the quality of the fit of V*'^ to the experimental data is as good as the quality of the fit 
of v^^*^ to the same data. The predictive power of V*'^ implied by this fact originates 
in the fiavour permutational symmetry of the Standard Model and the assumed symmetry 
breaking pattern from which the texture in the quark mass matrices and V*'* were derived. 



VI. THE CP VIOLATING PHASE 6 
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The CP violating phase ^13 of the standard parametrization V^^*^ of the quark mixing 
matrix is given in Eq. ( [4.28|) in terms of the arguments wjj of five entries in the theoretical 
expression for V^J^ and the corresponding CP violating phase $. Taking from Eq. ( |3.24| ) the 
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numerical values of the arguments wjj and setting $ equal to the best value $* = 7r/2, we 
obtain the numerical value of ^13 corresponding to the best fit of \Vll^\ to the experimental 
data 



'13 



75°. 



(6.1) 



This predicted value of 613 is very close to the numerical value of the third inner angle 7, of 
the unitarity triangle. The difference may readily be computed in terms of the arguments 



w^j. From the expression for 7 



7 = arg 



v:,v,d 



^ub^ud^ 



we get 



- 7 = W^ll - ^13 - ^21 + ^23 + TT 



which, when compared with the expression ( |4.28|) for (5i3 gives 

- 7 = '^13 - {w% + w'^ + w% - 2$* - tt) 



(6.2) 



(6.3) 



(6.4) 



Taking from Eq. ( 3.24 ) the numerical values of the arguments corresponding to the best 
values $* = 90° and Z^'"^* -- 



'|i, we obtain 



(w'' + < + we, - 2$* - tt) 



0.04°. 



This is, indeed, a very small number, and justifies the approximation 



7 



(^is- 



(6.5) 



(6.6) 



According to this, the value of I7I computed from quark mass ratios and the best values 
of the parameters Z*^^'^ and $* is I7I = 75°, in agreement with the bounds extracted from 
the precise measurements of the B^ oscillation frequency |3^ and the measurements of the 
rates of the exclusive hadronic decays B^ -^ ttK and the CP averaged B^ — > vr^vr^ [37 



Exact explicit expressions for the CP violating phase S13 in terms of the four quark mass 
ratios and the parameters Z*^^'^ and $* may readily be found; such an expression could be 
derived from Eq. ([4.28|) in terms of the arguments of five matrix elements of V*''. However, 
a simpler expression, involving only four matrix elements of V*'' may be obtained from the 
Jarlskog invariant J. 

The Jarlskog invariant may be written in terms of four matrix elements of V as 

J = Im[Vi2V23V*3V*,]. (6.7) 

Since J is an invariant, its value is independent of the particular parametrization of V. If 
we write the right hand side of Eq. (|6.7|) in terms of the standard parametrization V''^^'-^, 
we obtain 



sin 5 



13 



S12S13S23C12C13C23 



(6.8) 



The terms in the denominator in the right hand side of this expression were written in Eqs. 



and ( ^.61) in terms of the moduh |V"/^|, 



|T/i/i| |T/i/i| |T/i/i| r/i \'\/th 

„ „ „ „ „2 „ _ I ''12 1 1 ''13 1 1 ''23 I [I -^ I ''13 
'S12S13S23C12C13C23 — 



Vi^\ and \V2^\. Hence, 



I T/t/i 1 2 



12 



)(1 



\\/th\2 
I '^13 I 



|T/i/i|2\ll/2 
I '^23 I )\ 



1 - |\//M2 



(6.9) 
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Substitution of Eq. ( p. 91) in Eq. ( |6.8|) gives 

(1 - \Vll\'')Im[Vl!^Vi^VltV, 



sin (5 



13 



|T/i/l| |T/t/l| iT/t/l 

I Vi? M Vis 1 1 Vo 



12 



'23 



Vlf 



13 



I T/*'« 1 2 
\V^- ' 



12 



)(1 



I T/*^ 1 2 



13 



|W^I2^ 



(6.10) 



'23 



the right hand side of this equation may be written in terms of the quark mass ratios and 
the symmetry breaking parameters Z*^/"^ and $* with the help of Eqs. (|5.3| ), (|5.5|) and ( ^.Tj) . 
A simpler expression which leads to a very accurate approximation for (5i3 is obtained from 
Eq. ( |6.10|) if the matrix elements in the square brackets are written as modulus and argu- 
ment, and use is made of the unitarity of V*'^ to simplify the denominator. 



sin (5 



13 



(1-l^ifP) 



iV'sf I sin {wf^ + wf^ - w\'^ - wf^) 



iT/th,! |T/ih,| 
I '^ll II ^^33 I 



(6.11) 



Explicit expressions for the arguments w^^,w^^,w^^ and w^^ in terms of the quark mass 
ratios may be derived from Eqs. (|3.13|) - (|3.16| ) setting Z^/"^ and $ equal to their best values 
Z*i/2 = 7|I and $* = 7r/2, we get 



w, 



th 



TT — tan 



-1 



w 



th 
cb 



TC 



tan 



-1 



w^ 



th 
ub 



tan 



-1 



lm„m^ 



nijrid 



^{l-5l){l-5l) + 



rrir 



murridms 



m,. 



nicmdnis 



\ 



"'^(l-m„-5:)(l+m,-5^) 



(6.12) 



l-5l){l-5l)- 



\ 



5l{l - m„ - 5l){l -rhd- 5l){l +m,-5l 



5*,{l + m,-5l) 



(6.13) 



^{l-5l){l-6l) 



\ 



5l{l + m, - 51) {l-rhd- 5l){l + m, - d^) 



S*A 



m„ 



6*] 



(6.14) 



w. 



th 



tan ^ 



mcTris 
rhufnd 



m^-5d) + 



'l-mu-5l){l-md'5l) 
r'^"'^(l + m,-5*)(l+m,-52) 



^*Jd 



. (6.15) 
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Computing the second factor in square brackets in the leading order of magnitude, we 



get 



lm„m. 



\ V mcind , 



(6.16) 



w 



7r — tan 



-1 



TTlr 



m^mdnis 



:i-w^i 



(6.17) 



and 






tan ^ 



m,, 



rricmdms 



1- 



w*^ 7^ tan ^ 



'TTlrTTl^ 



murrid, 



(6.18) 



(6.19) 



The modulus \V^^\ has already been expressed in terms of quark mass ratios and the param- 
eters characterizing the symmetry breaking pattern Z*^/'^ and $*, in Eqs. ( |5.2| ) and ( ^.31 ). 
Similar expressions for the other moduli ocurring in Eq. ( |6.11|) may also be given 



IK 



ud\ 



iTLc (1 - m„ - 51) rus {l-rrid- Sd) 



1/2 



(1 - 61) (1 - rriu) {rric + m„) (1 - 5*d) (1 - m^) (m^ + m^) , 



X <( 1 + -:— :— 



{{^-K){^-^:)f'" + [K5: 



,^,{l + m,-5l){l + ms-6*d) 



1/2- 



;i-m„-5*)(l-md-(53) 



(6.20) 



IK, 



X 



me (1 + me - ^;) m, (1 + m^ - (5;^) 
1 + mc) (rric + m„) (1 + m^) (m^ + m^ 



1/2 



(5f,(5:5 d - m,, - (5f,) (1 - rud 



"u ^uJ 



s*,) 



1/2 



, (1 - 6*J (1 - 6*d) (1 + me - mj (1 + m, - 6*d) , 



m^d 



1 



m,m, (l-5;^)(l-<5^) 



1/2 



(6.21) 



IK 



tb\ 



+ 



'l-rh^-5:){l + m,-5:)il-md-5*d)il~m,-S*d '^'/' 
(1 - 6:){1 + m,)(l - mj(l - ,52)(1 + rhs){l - rhd) 

^( KS*A^-K)ii-m ^ 

\{l+m,- 6*J{1 -rhu- 6*J{1 -rhd- S*d){l + m. - 6*d) , 
(1 - m„ - 6*J{1 +Th,- (5*)(1 + m, - 5^)(1 - m^ - 5*) 



1/2- 



(6.22) 



Computing in the leading order of magnitude, the first factor in the right hand side of 
Eq. (|6.11|) gives 
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Inserting in to Eq. ( |6.23D the numerical values of the mass ratios and JS'^ — J6^ = 0.04, we 



find that the right hand side of Eq. (|6.23|) differs from one in the third decimal place, 

1. (6.24) 



|T/t/l|2\|T/t/l| 
r 13 I J\ ^^22 I 



iT/th. I |T/th.| 
I t^ll Ir 33 I 



Therefore 



sin 61, ^ sin«'J + wl^ - w^ - <), (6.25) 



taking the numerical values of the argument in the right hand side of Eq. ( |6.25| ) from ( p. 221 ), 
we obtain 

^1*3 ^ 75°, (6.26) 

in agreement with Eq. ( |6.1| ). The approximate expression Eq. ( |6.25| ) for sin^^'g could also 
be derived from Eq. ( [4.17| ) if W2-P'^ is neglected. Computing W2-P^ from Eq. (|4.27| ) and 



( |6.12| )-( pT5| ), we obtain tf^^'^ = —0.0018° which shows that Eq. ( |6.25| ) is a very good 



approximation. Since Eq. ( [4.27| ) was derived from the the phase relations expressing the 



arguments of V^^^ in terms of those of V^*'*, while Eq. ( |6.11D was derived from the expression 
Eq. ( |6.10| ) for the Jarlskog invariant, the agreement found between Eqs. ( |4.27|) and (|6.11|) - 
( |6.25| ) is a consistency check of our formalism. 



VII. SUMMARY AND CONCLUSIONS 

In this work, we explicitly exhibit the phase equivalence of the theoretical mixing ma- 
trix, V*^, derived from the breaking of the fiavour permutational symmetry in a previous 
work |]I|, and the standard parametrization 0, V^^"^, advocated by the Particle Data 
Group [Q. More precisely, we show that when the best set of adjustable parameters of 
each parametrization is obtained from a x^ fit to the same experimental data, the moduli of 
corresponding entries in the matrices are numerically equal and give an equally good rep- 
resentation of experimentally determined values of the moduli of the mixing matrix 'Y^^p, 
Hence we are justified in writing 

|\/A'^| = |\/^«G| (7 1) 

even though V*'^ has only two adjustable parameters Z^/'^ and $, while the number of ad- 
justable parameters in V^^*^ is four, the three mixing angles ^12, ^'23, 9i, and the CP violating 
phase (5i3. From this result, we proceed to fomulate and solve the equations of the rephasing 
transformation which acting on V*^ gives a phase transformated V*'' such that the corre- 
sponding entries in V*'^ and V"^^"^ are equal in modulus and phase. As part of the solution, 
we obtain a set of equations expressing the non-vanishing arguments wf^^^ of the matrix 
elements V^f ^*^ of the standard parametrization in terms of the arguments w*^' of the entries 
in the fiavour symmetry derived V^^. Since the matrix elements of V*'' are known functions 



«j 
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of the quark mass ratios and the parameters Z^l"^ and $, we obtain exact, exphcit, analytical 
expressions for the arguments wf,^'-^ as functions of the quark mass ratios and the param- 
eters Z*^'^ and $* which characterize the best or preferred symmetry breaking pattern. In 
particular, we derive an exact, explicit expression for the CP violating phase 6^^ written as 
a linear combination of the arguments of five entries in V*^. Similarly, from the equality of 
the moduli of the corresponding entries in the two parametrizations, we solve for the mixing 
parameters sin6'i2, sin ^13, sin ^23, ocurring in the standard parametrization, in terms of 
the moduli \V^^M. Then, using the explicit expressions found for V^*^ in our previous work 
III], we obtain exact, explicit expressions for the mixing parameters sin 6*^2 5 sin6'J'3, sin 6*23, 
in terms of the quark mass ratios and the parameters Z*^/^ and $*. From these results and 
an expression for the Jarlskog invariant, written in terms of four matrix elements of V*^, we 
derive an alternative, explicit, analytical expression for sin(5]'3 as function of the quark mass 
ratios and the parameters Z*^^'^ and $*. 

In conclusion, in the standard electroweak model of particle interactions, both the masses 
of the quarks as well as the mixing parameters and the CP violating phase appear as free, in- 
dependent parameters. In this work we have given explicit expressions for the mixing param- 
eters sin 612, sin ^13, sin 623 and the CP violating phase 613 of the standard parametrization 
of the mixing matrix [Q] as functions of the four quark mass ratios mu/rrit, rric/mt, m^/mb, 
ms/mh, and two parameters: Z^/^ and $. These expressions were obtained from a simple 
and explicit ansatz for the pattern of the breaking of quark flavour symmetry and a rephas- 
ing transformation of the quark flelds in the mass representation. 

The numerical values of the mixing parameters sin 6I2 , sin 6^^ and sin ^23 computed from 
quark mass ratios and the best values of the parameters Z*^'^ and $*, coincide almost exactly 
with the central values of the same mixing parameters, determined from the experimental 
data ||3^, as could be expected from the phase equivalence of V*'^ and V^^"-^, expresed in 
Eq. ( [7.1| ). This observation is interesting because, in the case of three families, the most 
general form of the mixing matrix has at most four free, independent parameters [^ which 
could be four independent moduli or three mixing angles and one phase as occurs in V^^*^. 
The symmetry derived V*'^ has only two free, real independent parameters. In spite of that, 
the quality of the flt of V*'^ to the experimental data is as good as the quality of the flt of 
yPDG ^Q ^]-^g same data. The predictive power of V*'' implied by this fact originates in the 
flavor permutational symmetry of the Standard Model and the assumed symmetry breaking 
pattern from which the texture in the quark mass matrices and V*'^ were derived. 

The value of S13 = arg{V*f^'-^) computed from quark mass ratios and the best values of 
the parameters Z*^^"^ and $* is 61^ = 75° in agreement with the bounds extracted from the 
precise measurements of the B^ oscillation frequency [^ and the measurements of the rates 
of the exclusive hadronic decays B^ -^ nK and the CP averaged B^ — > tt^tt" I^^. It is 
interesting to notice that, in the flavour symmetry breaking parametrization of the mixing 
matrix, the best value of the symmetry breaking parameter Z^^"^ may be written as a purely 
algebraic number, 

z-"= = i {zl'^ - zT) = i (;)| + ^) (7^2) 
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and the best value of the CP violating phase $ is consistent with $* = 7r/2. 
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